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Abstract 



CM 

< 

This paper establishes isomorphisms for the Laplace operator in weighted Sobolev spaces 
(WSS). These _£f™-spaces are similar to standard Sobolev spaces i? m (IR n ), but they are en- 
dowed with weights (1 + |x| 2 ) Q / 2 prescribing functions' growth or decay at infinity. Although 
well established in M. n [I], these weighted results do not apply in the specific hypothesis 
of periodicity. This kind of problem appears when studying singularly perturbed domains 
J> (roughness, sieves, porous media, etc). When zooming on a single perturbation pattern, one 

often ends with a periodic problem set on an infinite strip. We present a unified framework 
that enables a systematic treatment of such problems. We provide existence and uniqueness 
of solutions in our WSS. This gives a refined description of solutionOs behavior at infinity 
CNJ which is of importance in the mutli-scale context. These isomorphism results hold for any 

weight exponent a and any regularity index m. We then identify these solutions with the 
convolution of a Green function (specific to periodical infinite strips) and the given data. This 
identification is valid again for any a and any m modulo some harmonic polynomials. 

k> Keywords: 

5_i weighted Sobolev spaces, Hardy inequality, isomorphisms of the Laplace operator, periodic 



infinite strip, Green function, convolution 



1. Introduction 

In this article, we solve the Laplace equation in a 1-periodic infinite strip in two space 
dimensions: 

Au = f, in Z :=]0, l[xM. (1) 

As the domain is infinite in the vertical direction, one introduces weighted Sobolev spaces 
describing the behavior at infinity of the solution. This behavior is related to weighted Sobolev 
properties of /. 

The usual weights, when adapted to our problem, are polynomial functions at infinity and 
regular bounded functions in the neighborhood of the origin: they are powers of 10(2/2) := 
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(1 + y|) 1/2 and, in some critical cases, higher order derivatives are completed by logarithmic 
functions (p(y 2 ) a \og^ (1 + p(y 2 ) 2 )). 

The literature on the weighted Sobolev spaces is wide O (3j SI El El El El El Ell E] and deals 
with various types of domains. To our knowledge, this type of weights has not been applied 
to problem ([!]). The choice of the physical domain comes from periodic singular problems : 
in [12l [131 E]) a zoom around a domain's periodic e-perturbation leads to set an obstacle of 
size 1 in Z and to consider a microscopic problem defined on a boundary layer. The behavior 
at infinity of this microscopic solution is of importance: it provides an averaged feed-back on 
the macroscopic scale (see |15| and references therein). This paper is a first step towards a 
systematic analysis of such microscopic problems. We intend to give a standard framework 
to skip tedious and particular proofs related to the unboundedness of Z. 

We provide isomorphisms of the Laplace operator between our weighted Sobolev spaces. 
It is the first step among results in the spirit of [31 HJ [16] . Since error estimates for boundary 
layer problems |12|. HPH [T3] are mostly performed in the H s framework we focus here on 
weighted Sobolev spaces W^f(Z) with p = 2. There are three types of tools used here: 
arguments specifically related to weighted Sobolev spaces [HE], variational techniques from 
the homogenization literature |144 [T8] [T9] and some potential theory methods [20] . A general 
scheme might illustrate how these ideas relate one to each other : 

- a Green function G specific to the periodic infinite strip is exhibited for the Laplace 
operator. The convolution of / with G provides an explicit solution to ([!]). A particular 
attention is provided to give the weakest possible meaning to the latter convolution 
under minimal requirements on /. 

- variational inf-sup techniques provide a priori estimates, in an initial range of weights, 
for interior and exterior problems with Dirichlet boundary conditions. Then a lift is 
built in order to cancel the lineic Dirac mass that's introduced by artificial interfaces. 
This leads to first isomorphism results. 

- these arguments are then applied to weighted derivatives and give natural regularity 
shift results in H™^(Z) for m > 2 (see below). 

- by duality and appropriate use of generalized Poincare estimates (leading to interactions 
- orthogonality or quotient spaces - with various polynomial families), one ends with 
generic isomorphism result that reads 

Theorem 1.1. For any a£l and any m 6 Z, the mapping 

A : X^(Z)/F q f m+2 ^ ^ X^(Z)±F' q f_^_ a) 

is an isomorphism. 

The spaces X™^(Z) are generalized WSS whose precise definition is given in section |6j 
They are introduced in order to deal with critical values of (m,a). The spaces ^'^ ma ^ 
of harmonic polynomials included in X™^(Z) are defined in section |2j 

- for all values of a S R and m £ Z, we identify explicit solutions obtained via convolution 
with solutions given in Theorem |1.1| This gives our main result: 
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Theorem 1.2. Let m £ Z, q £ 1 and f E X™ # (Z)TP'4 } . T/ien G*/ G A™+ 2 (Z) 

is i/ie unique solution of the Laplace equation (21) up to a polynomial of ^'^ m+ 2 a ) • 
Moreover, we have the estimate 

\\ G *f\\x^W/ r >^ aia) ^\\f\\xZ # ( Z ). 

The paper is organized as follows. In section [2j we define the basic functional framework 
and some preliminary results used in this article. In section [3| we adapt weighted Poincare 
estimates to our setting. Then (section [4|, we introduce a mixed Fourier transform: it 
is a discrete Fourier transform in the horizontal direction and a continuous transform in 
the vertical direction. This operator allows the explicit computation of the Green function, 
and we derive weighted and standard estimates of the convolution with this fundamental 
solution. At this stage, we prove a series of isomorphisms in the non-critical case (section [5]) 
by variational techniques. In the last section, we extend these to the critical cases. In a last 
step we identify any of the solutions above with the convolution between G and the data /, 



this proves Theorem 1.2 



2. Notation, preliminary results and functional framework 

2.1. Notation and preliminaries 

We denote by Z the two-dimensional infinite strip defined by 

Z :=]0,l[xK. 

We use bold characters for vector or matrix fields. A point in R 2 is denoted by y = (yi, 2/2) 
and its distance to the origin by 

11 II 2\l/2 

r ■= \y\ = [yi + y 2 ) • 

Let N denote the set of non-negative integers, Z the set of all integers and Z* = Z \ {0}. 
We denote by [k] the integer part of k. For any j G Z, stands for the polynomial space 
of degree less than or equal to j that only depends on 1/2- If j is a negative integer, we set 
by convention P^ = {0}. We define P^ A the subspace of harmonic polynomials of P^-. The 
support of a function ip is denoted by supp(</?). We recall that T>(M) and V(M?) are spaces 
of C°° functions with compact support in M. and M 2 respectively, T>'(R) and T>'(M?) their 
dual spaces, namely the spaces of distributions. We denote by <S(M) the Schwartz space of 
functions in C°°(IR) with rapid decrease at infinity, and by S'(M.) its dual, i.e. the space of 
tempered distributions. We recall that, for m 6 N, H m is the classical Sobolev space and we 
denote by H^(Z) the space of functions that belong to H m (Z) and that are 1-periodic in 
the yi direction. Given a Banach space B with its dual B' and a closed subspace X of B, we 
denote by B'±X the subspace of B' orthogonal to X, i.e.: 

B'LX = {fe B', Vv e X, (f, v) = 0} = (B/X)'. 

We introduce t\ the operator of translation of A G Z in the y\ direction. If $ : IR 2 1— > R is a 
function, then we have 

(r A $)(y) := *(yi - X,y 2 ). 
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For any $ G 2?(IR 2 ), we set tJ$ := ^Aez 7 "-^! which is the yi-periodical transform of <£. 
The mapping y\ i— > uJ<J>(y) belongs to C°°(IR) and is 1-periodic. Observe that there exists a 
function 9 satisfying 

9 G X>(K) and w(9 = 1. 

More precisely, consider a function ^ G such that -0 > on the interior of its support. 

Then we simply set 9 = A . The function # is called a periodical D(R)-partition of unity. 

If T G V'(R 2 ), then for all tp G £>(M 2 ), we set 

{T X T,ip):=(T,T_ X ip), AGZ. 

Similarly, if T G 2?'(M 2 ) has a compact support in the y\ direction, then the yi-periodical 
transform of T, denoted by UJT, is defined by 

(u3T,<p) := (T,uJtp), V<p G V(R 2 ). 
These definitions are well-known, we refer for instance to [21] and |22j . 
Remark 2.1. Let $ be in £>(IR 2 ). Then we have 

Txdi$ = VAGZ, (2) 



and 



II t a^||l 2 (z) < II^IIl 2 ( 

As a consequence of equality Q, if u G 2?'(IR 2 ), we also have 

uJ(diu) = di(uJu). 



(3) 
(4) 

(5) 



The next lemma is used to prove the density result of Proposition 2.2 

Lemma 2.1. Let K be a compact ofM?. Let u be in H m (M?) and have a compact support 
included in K . Then we have 

\pu\\ Hm{z) < N(K)\\u\\ Hm ^, 
where N{K) is an integer only depending on K. 

Proof. Let us first notice that, since K is compact, there is a finite number of A G Z such 
that supp(rxu) n [0, 1] x 1 is not an empty set. This number is bounded by a finite integer 
N(K) that only depends on K. It follows that is a finite sum and 

\\uu\\ L 2 (z) < N(K)\\u\\ L 2 {M 2y 

The end of the proof then follows from □ 

We now define the following spaces 

{ tp : Z ^ M, Vl ^ tp(y) G C°°([0, 1]) 1-periodic, y 2 ^ <p(y) G C°°(M)}, 

{ tp : Z ^ R, yi ^ tp(y) G C°°([0, 1]) 1-periodic, y 2 <p(y) G D(R)}, 

{ p : Z ^ R, yi ^ p(y) G C°°([0, 1]) 1-periodic, y 2 ^ p(y) G 5(E)}. 



C£(Z) 



The dual spaces of V#(Z) and S#(Z) are denoted by D'u(Z) and SL,(Z) respectively. 
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2.2. Weighted Sobolev spaces in an infinite strip 
We introduce the weight 

p = p(y2) := (l + ylf 2 - 
Observe that, for A G N and for 7 G R, as |j/2 1 tends to infinity, we have 



< Cy~ A . (6) 



For a G R, we define the weighted space 

L*(Z) ee Hl # (Z) = {u g V(Z), P a u g L\z)}, 

which is a Banach space equipped with the norm 

IMIl2( Z ) = \\p a u\\ L 2( Z y 

Proposition 2.1. The space V(Z) is dense in L? a {Z). 

Proof. Let u be in L^(Z). Then, by definition of the space L^(Z), it follows that p a u G L 2 (Z). 
Therefore there exists a sequence (u n )neN C T>(Z) such that u n converges to p a u in L 2 (Z) as 
n — >■ 00. Thus, setting v n = p~ a u n , we see that v n converges to u in L\(Z) as n — > 00. □ 

Remark 2.2. Observe that we have the algebraic inclusion V(Z) C V#(Z). It follows that 
the space V#(Z) is dense in L 2 a (Z). 

For a non- negative integer m and a real number a, we set 

' -1 if ai {1/2,..., m- 1/2} 

m-l/2-a if a G {1/2,..., m- 1/2} 

and we introduce the weighted Sobolev space 



k = k(m, a) :- 



H™ # (Z) := {u G V # (Z); VA G N 2 ,0 < |A| < fc, p- m +l A l(ln(l + p 2 )y l d^u G L\{Z), 

k + 1 < |A| < m, p- m+ ^d X u G L2(Z)}, 

which is a Banach space when endowed with the norm 



1/2 



iMk^H £ n^ m+|A| (Mi + /> 2 ))- 1 ^iii, ( z)+ E iip- m+|A| ^n^ ( z) 

\0<|A|<fc fe+l<|A|<m 

We define the semi-norm 

\ 1/2 

\|A|=m 

Observe that the logarithmic weight function only appears for the so-called critical cases 
a G {1/2, ...,m — 1/2}. Local properties of the spaces H^^(Z) coincide with those of the 
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classical Sobolev space HVl(Z). When a ^ {1/2, m — 1/2} we have the following algebraic 
and topological inclusions : 

H™ # {Z) C Kll # (Z) C ... C Ll_ m {Z). (7) 

When a G {1/2, m — 1/2}, the logarithmic weight function appears, so that we only have 
the inclusions 

fl£ # (Z) C ... C ^-J +1/2 (Z). (8) 

Observe that the mapping 

u e H^{Z) ^ d\ e H^ X \z) (9) 

is continuous for A G N 2 . Using ([6]), for 0,7 G M such that a ^ {1/2, ...,m — 1/2} and 
a — 7 ^ {1/2, m — 1/2}, the mapping 

ueH™ # (Z)^p^u£H™^ # (Z) (10) 

is an isomorphism. 

Let q be the greatest non-negative integer such that y\ G H™^(Z). An easy computation 
shows that q reads : 

, v ( m — 3/2 — a, if a + 1/2 £ {i 6 Z;i < 0}, 
9 = «fo«):={ [ m -l/2-a], otherwise. " (U) 

For example (see also tab. [I]), if m = one has : 



m \ a 


[_5._3r 

L 2' 2 L 


[_3._ 
L 2' 


§[ 


[ 2' 2 [ 


r 1 - 3 r 

L 2 ' 2 L 


to/ 

r q(0,a) 


Pi 


TO/ 

^0 










p 2 


Pi 


K 







P' 3 


P' 2 


pi 


n 



Table 1: Polynomial spaces included in H™g(Z) for various values of a and m 



Proposition 2.2. The space V#(Z) is dense in H™u(Z). 

Proof. The idea of the proof comes from [1] and |23j . Let u be in H™^{Z). 

(i) We first approximate u by functions with compact support in the 1/2 direction. Let 
$ G C°°([0,oo[) such that = for < t < 1, < < 1, for 1 < t < 2 and 
&(t) = 1, for t > 2. For £ G N, we introduce the function defined by 



*,-| if t >i, 

otherwise. 



(13) 
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Note that we have $ e (t) = 1 if < t < e e/2 , < < 1 if e i/2 < t < e e and $ t (t) = 

if t > e e . Moreover, for all I > 2, t G [e £ / 2 ,e £ ], A G N, owing that i < VT+I 2 < \/2i 
and lnt < ln(2 + 1 2 ) < 31nt, we prove that (see p], Lemma 7.1): 



(it A V In t 



C 

< 



^ 1+t 2)A/2 i n ( 2 + t2)' 

where C is a constant independent of £ We set ui{y) = u(y)$>i(y2). Then, proceeding 
as in [lj (Theorem 7.2), one checks easily that ue belongs to H^^(Z), has a compact 
support in the ?/2 direction, and that ug converges to u in H^^(Z) as £ tends to oo. 
Thus, the functions of H™^{Z) with compact support in the y<i direction are dense in 
H™_ff.(Z) and, we may assume that u has a compact support in the 2/2 direction. 
Let 6 be a periodical D(M)-partition of unity and let (aj)jgn be a sequence such that 
ay G V(M. 2 ), ay > 0, L 2 aj(x)dx = 1 and the support of ay is included in the closed 
ball of radius r,- > and centered at (0,0) where ry — >■ as j — > 00. It is well known 
that as j —7- 00, ay converges in the distributional sense to the Dirac measure. We set 
w(y) = 9{y\)u(y). Then w belongs to H m (M. 2 ) and has a compact support. Moreover, 
since UJ0 = 1, we have cJio = UJ(9u) = (uj9)u = u. We define tpj = w * ctj. Then ipj 
belongs to V(R 2 ) and converges to w in H m (R 2 ) as j tends to 00. Let tpj = LJtpj, then 



ifjj belongs to T>#(Z) and thanks to Lemma 2.1, tpj converges to ojw = u in H™^(Z) as 
j tends to 00. 

□ 

The above proposition implies that the dual space of H™^(Z) denoted by HZ™4±(Z) is a 
subspace of V'^(Z). 

3. Weighted Poincare estimates 

Let R be a positive real number. For (3^—1, one uses the standard Hardy estimates: 



2 ^ 2 



|/(r)|Vdr< f— J jf |/'(r)| V+ 2 dr, (14) 



while for the specific case when (3 = —1, one switches to 
We now introduce the truncated domain 



Z R : =]0, l[x(] -oo,-i2[U]i?,+oo[). 

Using the above Hardy inequalities in the ?/2 direction, we can easily prove the following 
lemma. 

Lemma 3.1. Let a, R > 1 be real numbers and let m > 1 be an integer. Then there exists a 
constant C™ such that 



(15) 

As a consequence, we also have 

Vif£V # {Z R ), \\<p\\ H ™ , Zr) < C™ W\ H ™ # {z R y (16) 
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For the particular case when a G {1/2,..., m — 1/2}, (16) cannot hold without introducing 



logarithmic weights in the definition of the space H™_y.(Z). 

Proceeding as in pQ (Theorem 8.3), we have the Poincare-type inequalities : 

Theorem 3.1. Let a be a real number and m > 1 an integer. Let j := min(g(m, a),m — 1) 



where q(m,a) is defined by (11). Then there exists a constant C > 0, such that for any 
u G H™_y.(Z), we have 

inf \\u + \\\ H ™(Z) < C\u\ H m < z y (17) 



In other words, the semi-norm \-\ii m (z) defines on H™_y.(Z)/¥'j a norm which is equivalent 
to the quotient norm. 



4. The mixed Fourier transform (MFT) and the Green function 

The purpose of this section is twofold: 

(i) we look for the fundamental solution for the Laplace equation in Z, 

(ii) we estimate the convolution with this solution in weighted Sobolev spaces. 

To achieve this goal, we define the MFT and an adequate functional setting. 

4-1. Rapidly decreasing functions 

Let set r := Z x I and let us write the locally convex linear topological spaces 



5(T) :=<<p:Zx 



and sup 



s.t. VfceZ <p(k, •) G S(R) 



k a fdl<p(k, I) < oo, V(a, (3, 7) G N 3 



The space S(T) is endowed with the semi- norms 



p := sup 



k a 'fd^,v , Va' < a, < 13, 7 ' < 7- 



We define also 



/ 2 (Z;L 2 (M)) := 



< u g «s'(r) s.t. \ u ( k > -)\h(M) < 00 f 



Proposition 4.1. <S(T) is dense in I 2 (Z; L 2 (R)) . 
Proof. As u £ l 2 (Z;L 2 (R)) 



We set 



Ve>0 3fc >0s.t. ^ \\u(k, -)\\ 2 L2m < 

\k\>k 



s u s (k,-) if|fc|<*o, 
u := < 

otherwise . 
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where u (k, •) is a standard smooth approximation of u(k, •) in D(M.). Then, we choose 5(ko) 
s.t. 



Mk s.t. \k\ < k u(k,-) -u s (k,-) 



L 2 (R) < 2ko 



which finally gives 



u — u 



Z 2 (Z;L 2 (R)) 



|fc|<fe 



|fe|>feo 



which proves the claim, since u s trivially belongs to <S(r). 
Definition 4.1. We define the MFT operator T : S # {Z) -)• S(T) as 

F(tp)(k,l) := [ ^e-^^dy, V(fc,Z) G T, 



□ 



where k := 27T&, and i/ie same ZioWs /or Z. 

We list below some basic tools concerning the MFT needed in the remaining of the paper. 
They can be proved following classical arguments ([21], [22], |26|). 

Proposition 4.2. (i) The operator J 7 : S#(Z) — > S(T) is an isomorphism and the inverse 
operator is explicit: 



F~\v){y) = E / mi)e l{kyi+ly2) dl, V</3 g S(T), Vy G Z. 
(ii) One /ias m a classical way, for any (f,g) G S#(Z) x S#(Z), that 

f f-gdy = J2 I nf)(k, l) ■ Hg)(k, l)dl, and T(f * g) = T(f)T(g), V(fc, Z) G T. 

^.J?. Tempered distributions and MFT 

In a quite natural manner we extend the concepts introduced above to tempered distri- 
butions. 

Definition 4.2. (i) A linear form T acting on S(T) is s.t. 3(a,/3,7) G N 3 

(ii) T/ie MFT applied to a tempered distribution T G S'^{Z) is defined as 

< F{T),{p>s, j s= HT)(<P) := T{T T m =< T,F T (y) >s' # xs # , ^ G S(T), 
where 

T T ^) ■- ^ I <f(k,l)e- i{ ' kyi+Iy2) dl, V<peS(T), Vy£Z. 
fcez J R 

In the same way, we define the reciprocal operator denoted J 7-1 which associates to each 
distribution T G S'(T) a distribution T (T) s.t. 

<F-\f),<p> s , xS :=< f,?(<p) > s , xS 

where <p(k, I) = <p(—k, —I) . 
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We sum up properties extending classical results of Fourier analysis to our MFT. 

Proposition 4.3. (i) If T G S' # {Z) then F(T) G S'(T). Similarly, if f G S'(T) then 
?- x {f)zS' # (Z). 

(ii) The Dirac measure belongs to S'^(Z) and : 

T(5 ) = 1, \/k G Z, o.e. £ G M. 

(iii) i/ie MFT acts on the derivatives in a polynomial fashion: 

VT G S' # (Z), T(d a T) = i^(k a + l a )T(T), 

for any multi-index a G N 2 . 

(iv) Plancherel's Theorem : if f G L 2 (Z) then the Fourier transform J~(Tf) is defined by a 
function F{f) G Z 2 (Z,L 2 (IR)) i.e. 

HTf) = T T{f) V/ G L\Z) and \\Hf)\\i^ m = Wfh^zy 

4-3. The Green function for periodic strips 

We aim at solving the fundamental equation: 

-AG = 5 in Z, (18) 

stated here in the sense of tempered distributions. Then G should satisfy, in S(T)': 

(P + l 2 )F{G) = 1. 

Proposition 4.4. The Green function G solving (|18|) is a tempered distribution and it reads 



1 f p -|fc||va|+t%i "I 

where 

1 e -|fc||w|-Hfej/i 1 

:= 2 E — \%\ — and ° 2 ^ := ~2~' y2 '' 

Moreover, one has G\ G L l (Z) n L 2 (Z) and thus G G L 2 QC (Z). The Green function can be 
written in a more compact expression : 

G(y) = ~ T - ln(2 (cosh(27ry 2 ) - cos(2vr yi ))). 

Notice that the Green function is odd with respect to y. 
Proof. We define: 

J k e lkyi , with J fc := / = ^(2Z = lim / , ^dl. 

■ - . ^„ Jmk 2 + l 2 R^J- R k 2 + l 2 

|fc|<iV 

The absolute value in the last right hand side is added as follows: 

f & -m = r ^ v : + ^ V2 di = 2 r c ^H d i = 2 r c -^m d i. 



k 2 + l 2 Jo k 2 + l 2 Jo k 2 + l 2 Jo k 2 + l 2 
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Proceeding as in example 1 p. 58 [26J, one has, extending the integral to the complex plane, 
that 



Jfc = lim 



-dz = lim 



R^°° Jc R k 2 + z 2 R-^oo J Cr [i + i\k\)(z -i\k\) 
1 r ff*l P -\k\\v2\ 



-dz 



lim 



where Cr := {z G C; \z\ = R and 3m(z) > 0} U ([— R;R] x { 0}) as depicted in fig. [T] and 
f(z) := e tz \ y2 \/(z + i\k\), being a holomorphic function inside Cr. The ID-Fourier transform 




(R,0) gte(z) 



Figure 1: Path of integration in the complex plane 
of the tempered distribution \y\ is —2/ 1 2 , thus one concludes formally that 



Ji 



o 



ily 2 



-dl 



1 



2/2 ■ 



/2 2 

The L 2 bound is achieved thanks to the Parseval formula 

\\r II 2 
II^iIIl^z) 

One recalls the expansion in series of the logarithm : 

ln(:i -z)--J2* ■ VzeC : : < L 



fc=l 



A- 



Thus for y ^ 



2tt 

1 2/2 



-5Heln(l -e 27r( - |y2|+iyi) l = — -In 1 - eM-M+m) 
-ln{e _7r|?/2| v / 2(cosh(27r|y2|) - cos(2vryi))H 



1 



2 4vr 

which gives the desired result for G. 



ln(2 (cosh(27ry 2 ) - cos(27ryi))), 



□ 



One can easily obtain the asymptotic behavior of the Green function. As \y 2 \ tends to infinity, 
we have 

\G(y)\ < C\y 2 \, \VG(y)\ < C and |<9 2 2 G(y)| < Ce' 2 ^ < Cp{y 2 )-°, W e R. (19) 
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Moreover, as 1 7/2 1 tends to infinity, we also have 

|Gi(y )| < Cp(y 2 y% Va > 0, Vj/i G (0, 1). 



(20) 



4-4- Convolution with the fundamental solution in weighted spaces 

Before proving weighted estimates on the Green function, we shall define the convolution if 
/ G V # (Z), i.e. 



G*f = [ G{x-y)f{y)dy = [ G(y)f(x-y) 
Jz Jz 



dy. 



Thus the convolution G*f belongs to C^(Z). Moreover, thanks to ( 18 ), we have A(G*f) = f 
in Z. 

4-5. Homogeneous estimates 

Definition 4.3. For any function f in L 2 {Z) the horizontal average f reads : 

7(2/2) := / f(yi,V2)dyi. 
Jo 

Lemma 4.1. For any h G S#(Z) such that h = one has : 

d a G 2 *h = 0, a.e. in Z, a G {0, 1, 2}. 
Proof. G2 is a tempered distribution, the convolution with h G S#(Z) makes sense : 



x 2 \ / h(x 2 + y 2 )dz (p(y)dydx 2 = 0. 



<G 2 *h,ip >s' # (z)>cs # {z) = ■ 

The same proof holds for derivatives as well. As this is true for every ip G S#(Z), the result 
is proved. □ 

Proposition 4.5. Let f G L 2 (Z). Then there exists a constant independent on f s.t. 

\\G *{f- 7)11^2 {z) < C\\f\\ H ™-*{zy 
where C is a constant independent on f . 

Proof. First we show the lemma for / G S#{Z), then by density the result is extended to 
L 2 (Z) functions. We set h := f — f. Thanks to lemma above d a G * h = d a G\ * h. As G\ 
belongs to L 2 {Z), one is allowed to apply the MFT in the strong sense. It provides : 



\d a G * hf L2 = \\d a G! * h\\ 2 L2 = (ik) ai (U) a2 Gxh 



Z 2 L 2 



<c^2 ( \kk, 



di = C 



2 

P(Z;L 2 ( 



|jfe|2oa|£|2«« 
k-_l* " w ( fc2 +^ 2 ) 2 
'"\h 2 (Z) 



E 



C\\h\\) 



h(k,£) 



di 



where a is a multi index s.t. \a\ G {0, 1, 2}. The summation in k is performed in Z*, this is 
crucial when estimating \k\ 2ai \£\ 2a2 / (k 2 + f 2 ) 2 by a constant. □ 
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4-6. Non-homogeneous estimates 

We extend here the above results to the weighted context. We start by stating three 
lemmas. 

Lemma 4.2. We define the horizontal Fourier transform, given f G L 2 (Z) 

Fk(f)(k,y2) := f f(yi,y2)e- fkyi d yi , VkeZ, a.ey 2 eR. 
Jo 

If we define the convolution operators : for g G L^{Z) n L 2 (Z) and f G L 2 {Z) 

9*yf-= / 9(x- y)f(y)dy, {g * V2 f)(x 1 ,x 2 ,z 1 ) := / g(xi, x 2 - y2)f(zi, y2)dy 2 , 

JZ JR 

then one has 

J 7 k{g*yf)(k,x 2 ) = (J 7 k g* y , 2 J 7 k f)(k,x 2 ), Vfc G Z, a.e. x 2 G R. 

Proof. If / G L 2 (Z) and g G (L 1 nL 2 )(Z) then the convolution with respect to both variables 
is well defined. Setting 

(f*yi 9) (xi,x 2 ,z 2 ) := / f(xi-y 1 ,x 2 )g(yi,z 2 )dy 1 , 

JR 

almost everywhere in y 2 and for every k G Z one has 

•^fc (/ 5(^1, ^2 - 2/2,2/2)) = {J 7 kf)(k,x 2 - y 2 )(J 7 k g){k,y 2 ). 

Integrals in the vertical direction commute with the horizontal Fourier transform due to 
Fubini's theorem. So one shall write : 

/ J 7 k(f* yi g)(k,x 2 -y 2 ,y 2 )dy 2 =J : ' k ( / (/ * yi g)(k,x 2 - y 2 ,y 2 )dy 2 ) = T k (f * y g)(k,x 2 ), 

JR \JR J 

which ends the proof. □ 
Lemma 4.3. For f G L 2 (Z), one has 

ii/iii| ( z) = EiiW)iiW V ^ GM - 

kez 

Lemma 4.4. Let a G M s.t. \a\ > 1 t/ien /or any reaZ 6, one /ias 

-6 



:= f e -\ a W x - y \p{y)- b dy < Cp \ X } , x G 



Proof. We set \x\ = R and let i?o be a real such that Ro > 1. We define three regions of the 
real line : 

D 1 :=B(Q,R/2), D 2 := B(0,2R)\ B(0, R/2), D 3 := R \ B(0, 2R) 
Decomposing the convolution integral in these three parts, one gets : 

3 

I{x) = Y j I i {x), where I^x) = / e'^^ p(y)- b dy. 
i=i Jd > 

We have two cases to investigate : R> Rq and R < Rq. 
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(a) If R > R 

(i) On \y\ < R/2, \x - y\ ~ R so that 



/i(ar)~e-l°l fl / (l + \y\)- b dy. 
J\y\<§ 

According to the value of b, one has 



h{x) < Ce~^ R < 



( 1 if b > 1, 
i? if < 6 < 1, 
R 1 -** if 6 < 0. 



As i? > 1, there holds 

e -la\R < (M + l)! 

" (|a|i2)" • 

Setting 

ct(6) := 61]i )+oo[ (6) + (1 + 6) l [0 ,i]( & ) + l]-oo,o[(6), 

one recovers the claim in that case, 
(ii) On R/2 < \y\ < 2R, \y\ ~ 

/ 2 (x) ~ iT 6 / e -l«H^I dy, 

J§<\y\<2R 

because \x — y\ < 3R, one has hix) ~ i?~ 6 /|a|. 
(hi) On the rest of the line |y| > 2.R, |x — y\ ~ |y|, so that 



h(x)~ [ e-\ a ^\y\- b dy. 

J\v\>2R 



'\y\>2R 

Two situations occur : 

• either b < then we set b := [—6] + 1 and one has 

p P -\a\R [ - b h\ 

/ e-WM\v\- b dy < C 6 — R b £ -J— (\a\R) 
J\y\>2R \ a \ y ^ {b-p)l 

|a| |a| 

In the latter inequality we used decreasing properties of the exponential function 
in order to fix the correct behavior for large R. 

• either b > and one has directly that 



f e-\ aM \y\~ b dy <R- b f e~\ aM dy. 

J\v\>2R J\v\>R 



>\y\>2R J\y\>R 

(b) Otherwise, if R < Rq then p(x — y) ~ p(y), and thus 



I{x) ~ / e-l ^!^)-^ < ^. 
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□ 



Proposition 4.6. Let us set f3 a positive real number. Then for every f G Lf oc {Z) s.t. 

f-feL*(Z) 

\\d a G * (/ - 7)\\v (Z) ^ C \\f~ /IL|(Z)> W < P ~ 2 ' |a| G {0 ' 1} ' 
where the constant C is independent of the data. 
Proof. Set again h = f — f and suppose that h G S#(Z). By Lemma 



4.3 



Y*G * h\ 



^Gi * hf L2 {z) = £ ||73k(a?Gi *v h)\\ 2 ^ 

k&L* " 



kez* 



2 



For all k G Z*, thanks to Lemma 4.4 a.e. a; in Z, 

e -\M\y2~x2\ 



< 



<C\\Mh)(k,-)\\ L i 



Ll(B) ,r,|_ |a| 



|fc|: 



J r k(h)(k,y 2 )dy 2 

<C\\F k (h)(k r )\\ Llm p(x 2 )-P, 



for a multi-index s.t. |a| G {0,1}. Then 

||^G*fc||* a(z) < ^ H^W^ - 2 



.VIIL»( 



/3 (x 2 )^'- 2 ^x 2 <C||/|| 



if j3' < f3 — 1/2. As in Proposition 4.5, the result above shall be extended to L 2 (Z) functions 
by density arguments. □ 

Theorem 4.1. Let f G L' 2 t (Z)±¥[, for any a > §, one has 

\\G2*f\\ Li _ 2 _ t{z) <C\\f\\ Ll{zy 

Proof. Since the proof is essentially ID, we consider functions defined in M.. The extension to 
Z is straightforward. We proceed by duality, namely we expect that 

(G * f, <p) 



sup 



< oo. 



We choose / G L 2 i (R)±F' 1 and (<p s ) s G <S#(M) s.t. (p s -> in L|_ a+e (R), then |x| * 99,5 is 
infinitely differentiable and one can apply the Taylor expansion with an integral remainder : 

(\x\ * ip 5 )(x)f(x)dx 

(\x\ * (p s )(0) + (\x\ * <ps)'(0).x + J (\x\ * <ps)"{s){x - s)ds^ f{x)dx 

fx r fx 

f{x) I (\x\ * ipg)"(s)(x — s)dsdx = 2 j f(x) \ tps(s)(x — s)dsdx 

mm- 



2-a + t\ 



p a -z- e (x)\f(x)\dx<C\\<p s \ 



L 2-a + t ( 
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In the second line we used the orthogonality condition on / in order to cancel the first two 
terms in the Taylor expansion. An easy computation shows that if <pg — > ip 

I := lim [ {\x\ * <p s )(x)f(x)dx = 2 [ f(x) [ <p(s)(x - s)dsdx, V/ G L|(R)±P' 1 . 
s ->° Jr Jr Jo 

By Fubini theorem, one is then allowed to write : 

2 / f( x ) / ip(s)(x — s)dsdx 
Jr Jo 

( r roo r rs 

= 2 I I cp(s) / f (x){x — s)dxds — / ip(s) / f(x)(x — s)dxds 

[Jr+ Js JrJ J-oo 

= —2 ip(s) / f(x)(x — s)dxds 

Jr s J-oo 

= / (p(s) < / f(x)(x — s)dx— I f(x)(x — s)dx>ds 

Jr s [Js J-oo J 

ip(s) / f (x)\x — s\dx ds = / (\x\ * f)(s)(p(s)ds, 
Jr x Jr 

which ends the proof. □ 
Lemma 4.5. If a > \, and if f G L 2 a {Z)AM, then 

||sgn*7|| I/2a _ i _ e(z) <C||/|| L , (z) . 

Proof. In a first step / does not satisfy the polar condition. Under sufficient integrability 
conditions, one writes : 



(sgn(x 2 ) * f){x) = - fdy 2 + / fdy 2 . 

Jy2<x2 Jy2>x2 

For X2 tending to infinity, / * sgn(x 2 ) behaves as sgn(x 2 ) L /. Indeed 



^sgn(x 2 ) * f)(x) - sgn(x 2 ) / / 



< 2 



■i'2 



J-2 



f(s)ds)t R _(x 2 ) 



■f2 



f(s)ds 1r,(x 2 ) 



\Ll(Z) I \J P a {V2)dy 2 j lR_(a;2) + |y p a {y 2 )dy 2 \ l f; (,r 2 ) 

< CII/II^^P 1 ""^). 
Then taking the square, multiplying by p 2/3 and integrating wrt x 



sgn(x 2 ) * / - sgn(a;) / / 



Ll(Z) 



< c\\f\\k(z) I P l - 2a+2 Hx 2 )dx 2 , 



which is bounded, provided that (3 < a — 1. Taking into account the polar condition /_LM 
gives then the claim. □ 



Similarly to Theorem 4.1 thanks to the previous lemma, one gets that 
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Theorem 4.2. Let f G L^ t (Z)±'R then for any a g]j, |] one /ias 

||G 2 * f\\ L 2 a _ 2 _ e{Z )/R < C\\f\\ L 2 a(zy 

Proof. As previously, the proof is essentially ID. Let us choose / G L^(IR)_IJR and (^ps)s £ 
iS#(R)_LM s.t. </5,5 — > ip in L2_ Q+e (M)-UR then \x\ * (p$ is infinitely differentiable and one can 
apply the Taylor expansion with the integral rest : 



(\x\ * ips)(x)f(x)dx 

(\x\*(p s )(0)-{- / (<p s * sgn)(s)ds \ f{x)dx = / f{x) / (<p s * sgn)(s)dsdx. 
Jo ) Jr Jo 



Proceeding as in the proof of Lemma 4.5 one has 



ip$ * sgn(s) ds 



< 



leading to 



(ps * sgn) (s)ds 



L 2 



with a < | + e. Thus one has 



/ (|x| * ips)(x)f(x)dxdy 
Jr 



< c\\f\\ L 2 (m ys\ 



Moreover, one needs that K G L^_ a (M), which is true if a > 5- It is not difficult to prove by 
similar arguments that 



px PX 

lim / (ips * sgn)(s)ds = / (tp * sga)(s)ds 
<*->° Jo Jo 

strongly in the L^_ a (M) topology. As in the proof of Lemma 4.5 by Fubini, 

/■x px ( ps poo ~\ px 

/ (sgn* ip)(s)ds = 2 \ ip(t)dtl s<0 (s) - / tp(t)dtl s>0 (s) Yds =: 2 / Q {s)ds. 

Jo Jo U-oo Js ) Jo 

As g is a C 1 function on any compact set in M, one can integrate by parts on (0, x) : 

PX PX 

/ Q(s)ds = [q(s)s]q - Q'(s)sds. 
Jo Jo 

Using this in the right hand side of the previous limit, one writes 

J := / f(x) I (ip * sgn)(s)dsdx = 2 / f(x)<g(x)x — / Q'(s)sds>dx 
Jr Jo Jr I Jo J 

{ P PX P POO P PX 

= 2\ l f(x)x / <p(t)dtdx- / f(x)x / (p(t)dtdx- \ fix) \ (p(s)sds 
Ur_ J-oo Jr + Jx Jr Jo 

P PX P PX 

= 2 1 f(x)x / <p(t)dtdx - 2 / f(x) / (p{s)sdsdx =: A- B. 
Jr J-oo Jr Jo 



17 



By Holder estimates the integrals above are well denned. Fubini's theorem allows then to 
switch integration order. Using the orthogonality condition on ip and on /, one may easily 
show that 



A = 2 [ f(x)x( f 

JR X \J-oc 



ip(t)dt ) dx = I f(x)x 



f rx roo ~\ 

< / ip(s)ds — / tp(s)ds > 



dx 



xf(x)dx 



xf(x)dx > ds, 



o 



f(x) / stp(s)dsdx— / f(x) / sip(s)dsdx 

JO JR- Jx 

stp(s) / f(x)dxds— / sip(s) / f(x)dxds 



B = 2 
= 2 

L^r + ' Js Jr. * ' 7-oo 

= — 2 / s</j(s) / f(x)dxds = / s(/?(s)< / f(x)dxds 

Jr J-oo Jr [Js 

These computations give : 

A — B = I ip(s) II (x — s)f{x)dx — I (x — s)f(x)dx ^ ds 

s (.Js J —oo 

(p(s) / \x — s\f(x)dxds = / <^(s)(|x| * f)(s)ds 



f(x)dx > ds. 



And because 



inf |||x| * / + A| 



L 2 



a-(2 + £)V 



sup 



(N * f, <p) 



the final claim follows. 



□ 



Theorem 4.3. Assume a > 1/2 and recall that q(0, —a) is defined by (12). ITien £/ie operator 
defined by the convolution with the fundamental solution G is a mapping from L^(Z)_LP^ 

^-l- e ,#(^) n ^_ 2 _ ei# (Z)/P' [3 A /2 _ Q] for any e > 0. 



on 



Proof. One follows the same lines as in the proof of Theorem 1 p. 786 in [20]. More precisely, 



by Theorems 4.1 and 4.2 Prop. |4.6| and Lemma 4.5, the convolution with G maps also 
Li(Z)±_F' q f^_ a) on Hl_ x _ e># {Z)/¥^ 2 _ a] . Thus for / G L\ (Z)_LP£ 0> let u = G * / G 

(Z)/P' [3 A /2 _ Then for any G P # (Z), (A(G * f),</>) = (f,G* A<f>) = (/, </>> which 



a-2-e,#V 



implies that An = / in the sense of distribution. But since u G ^«-2-e #(^)/^ > [3/2-a] anc ^ 
An G i£(Z)_LP 

qfo,-a)' us i n S a dyadic partition of unity [27J and standard inner regularity 
results (see for instance a similar proof in Theorem 3.1 in |28| or chap I in |29|). one has that: 



E 

l7l=2 



) D 1 



u 



<C II Au 



r 2 



(z) + INI/^^) 



where the constant does not depend on n. These estimates are not isotropic with respect 
to the weight. Taking the lowest weight in front of the second order derivative ends the 
proof. □ 
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4-7. Convolution and duality 

We generalize the latter convolutions to weak data, namely, when / G H~^(Z). 

Proposition 4.7. For j3 < \ and f G H^(Z)±f'^f + ^ one has : 

l|G * /ll ^- 1 -«(s)/p£_ ffl - C|I/II V#^)' 

where C is independent on f. 



Proof. Using Theorem 4.3 with a = (1 + e) — /3, which is possible since j3 < 1/2, one has 

(/ ' G * c/,) v#(^f + , ] x^,#(^)/ p ;f + , ] - ll/ll v#(^) ||G! * ¥ ' ll ^#^)/ p ' [ f + , ] 

<^ll/llv # (^) ll ^ ll ^ +e) -,(^Kto,,- (1+E) )- 

as e is positive and arbitrarily small q(0,/3 — (1 + e)) = [1/2 — /?]. Hence taking the supremum 
d'A 

[1/2-/3]' 



over all ip G L^(Z)J_PA 2 ends the proof. □ 



5. The Laplace equation in a periodic infinite strip 

In this section we study the problem 

{—An = f in Z, 
J ' (21) 
u is 1-periodic in the y\ direction 

in the variational context. Firstly, we characterize of the kernel of the Laplace operator. 

Proposition 5.1. Let m > 1 be an integer, a be a real number and j = min{g(m, a), 1} 
where q(m,a) is defined by (11). A function u G H^^(Z) satisfies An = if and only if 

Proof Since j < 1, it is clear that if u G then An = 0. Conversely, let n G S'n(Z) 
satisfies An = 0. We apply the MFT : in the sense defined in Definition |4.2[ one has 

(P + P)T(u) = 0, Vfc G Z, a.e. I G K, 

which implies that 

'E5=o4=o(0 if ^° 



Hu) 



otherwise 



where p is a non negative integer. A simple computation shows that T 1 (T{u)) = 5Zj =0 (^2/2) J , 
indeed 

<J^(«)),¥>>* # ^ = (^^^ ^ = (E 5 o^M(0,-)) 

\j=° ' S'(R)x5(R) 



^_ P 

^(-iy {So,dj<p)s>wxs<ji) = E^- 1 )" ( s °> (fe)^))^^ /S . 

j o j o 

p 



Y^iriy [ {wMv)*v = (£(- 

where </? denotes the usual 1-dimensional Fourier transform onl. □ 
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We establish a Poincare-Wirtinger's type inequality. 
Lemma 5.1. For every u G ji(Z) with a G M., one has 

\\ u -u\\ L 2 a(z) < \u\ H i #{z) , 

Proof. If u G R\AZ) then <9 A u G £ 2 oc (-Z*) for all < | A| < 1. In particular, almost 
everywhere in y2 one has d x u(-,y2) in L 2 (0, 1). Applying Parseval in the y\ direction one 
gets : 

ii u -«iii,2(o,i) = i^)' 2 and n 5in iii 2 (o,i) = Yl \ k \ 2 \ iL ( k )\ 2 

kez* 



for almost every 1/26R. This obviously gives 



ia(o,i) < \\ d i u \\ L 2(o,i) a - e - 2/2 g R. 

Integrating then with respect to the vertical weight, one gets the desired estimates. 



□ 



In order to state existence and uniqueness results for solutions of ( |21[ ), we first deal with the 
Laplace operator in the truncated domain Zr :=]0, 1[x(] — 00, —R[U]R, +00 [) : 



- Au = f in Zr, 

u = on 2/2 = i-R- 



(22) 



Lemma 5.2. Let a 6e any rea/ number. If f G H a »(Z) there exists R(a) large enough such 
that problem (22) /ias a unique solution u G Ha#(^R(a))- 

Proof. First we notice that H~\(Z) C H~\(Zr). Then the proof relies on an inf-sup argu- 
ment similar to the one used in [TS] (the main difference being the nature of weights : in [18J 
the author derives similar estimates for exponential weights on a half strip). Indeed, we set 



v := u 2 {u — u) + i(j(u), 00 := p a , and ip(u) :- 



R 



00 d y2 u(s) ds if 1/2 > R 

if M < H 
— / uj 2 dy 2 u(s) ds otherwise. 



First of all, we check that v G H_ a AZr). 

Vv = V(oj 2 )(u -u) + uj 2 Vu. 



An application of Lemma 5.1 proves that 

\\ Vv hlJz R ) <C\u\ Hl {Zr) . 



which guarantees, through Hardy estimates, that indeed v belongs to H_ a u(Zji). Secondly, 
we write 



a(u, v) 



/ Vu-Vv dy = \Vu\ 2 u 2 dy + / Vu ■ V(w 2 ) (u - u) dy . 
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Using Cauchy-Schwarz, we estimate the formula above as : 

Vw- V(w 2 ) (u-u) dy < 2 ( / \Vu\ 2 uj 2 dy ) [I \u - u\ 2 \Voj\' 2 dy 



1 1 

2 / f „ \ 2 



R 



Since |Vp| < 1, one also has that 

|Vw| 2 < ^ 
J 2 ~ p 2 (R) 

which gives then 



2 <-277^ VyeZ fl , 



/ Vu-V(oj 2 ) (u-u) dy < [ \Vu\ 2 u 2 dy. 

Jz R ' P(R) Jz R 

This in turn implies that 

> (l " 2^y) M^, # (z*) > C{R,a)\u\ K ^ z Jv\ Hl _ adZR) . 

For every fixed a there exists it! large enough s.t. C(R, a) > 0. This proves that the operator 
a(-,v) is onto from #{Z) to H~AZ). In the same way, the adjoint operator is injective. 
Indeed (taking u = p~ a above), for all u G H_ a m-(Zr) there exists a v £ H\ ^(Zr) s.t. 

and one concludes using the classical Banach-Babuska-Necas result (see Theorem 2.6 p. 85 
in [30]). □ 

We next solve the Laplace equation in the domain Zr U Z r . 

Lemma 5.3. Provided that f G H~]^(Z), there exists a unique solution uq £ #(Z) solving: 

( -Au = f inZ R U Z R , 
|u = on{y 2 = ±R}. 

Moreover, if /-LR ; and setting 



(23) 



h± := ([9„,uo] > 1) -i 

V H # H{y 2 =±R}),H?({y 2 =±R}) 



where the brackets [■] denote the jump across interfaces {y 2 = i>e. 

[d y2 u }= lim dy 2 u (y 1 ,y 2 ) - lim d y2 u {y 1 ,y 2 ), 

then h satisfies : 

h + + h_= 0. (24) 
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Proof. By Lemma 5.2 there exists a unique no in H^^(Z) for every a E K. By truncation 
and approximation (following the same steps as in Lemma 6.2 and Proposition 6.1), we set 

fs = (/*«) * "<5, /« := /s - 7a, 
where $5 and as are chosen as in Proposition |2.2| An easy check shows that 

f 5 ev # (z), f s m = o. 



We then compute uq s solving (23) with the data fg. One has 
IK,<5||#i jz) = \\ u o,s\\hI # {Z R VJZR) ^ c 



fs 



H-^(Z R UZR) 



< C 



fs 



<C||/|| ! 



|«o,i-«o|| H i J Z) 



< c 



\\[d y2 u 0t 5] - [d^uolW. 



h-f 

Moreover, for every ip 6 T>#(Z), one might write 



< C 



fs-f 



(25) 



(-Auo t s,tp) = -(u 0t s,A<p) 



uns&ipdy 



(0,1) 



'Z R VJZ R 

[d y2 u ,s} {y2=±R} <p(yi, ±R) dyi + (fs, ip), 



the latter equality being true because Uqs is in the domain of the operator : the Green formula 
holds. By density, one extends the above equality to test functions in H\ a #(Z), giving : 

-(u QjS , A99) = -([d Va uo i s],<p){ Vt= ± R } + (fs, <p), y<P e H x _ aS {Z). 
As a is chosen s.t. R C H\ a # (Z), one takes <p = 1 in the above formula. This leads to : 

h + ,8 + 7L,i := ([d y2 U 0t5 ], l){y 2 =R} + ([9y 2 U 0jS ], l){y 2 =-R} = 0, 



where the brackets denote the H# 2 ,H# duality product. Thanks to (25) and by continuity, 
the result holds when passing to the limit with respect to 5. □ 

When extending «o on Z, it solves 

-An = / + 5{ y2=±R yh±, in Z. (26) 

In the next paragraph, we compute a lift that cancels the lineic Dirac mass in the right hand 
side of d26b. 



Lemma 5.4. Let uq be the unique solution of problem (23). For a < there exists a solution 
w in H^ # (Z) of 

f - Aw = in Z R U Z R , 

\ [d y2 w] = - [d y2 u ] =: -h± on {y 2 = ±R}. 



(27) 



Moreover, we have 



w 



\Hi^Z)<C^2l\\h ± f 
± \ H 4, 



1/2 



?({y 2 =±R}). 
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Proof. Setting 

w := G * (h±5 {y2=±R} ) = G * ({h± - h±)5 {y2=±R} ) + G* (h±5 {y2=±R} ) 

= Gi* (h±5 {y2=±R} ) + G 2 * (h±5 {y2=±R} ), 

which is a tempered distribution {G G S'u(Z) and h±5{ y2= ± R } G £'u(Z)), w is explicit after 
some computations and reads: 

L ifcl { T ly 2 -i?| + T | y2 + J R||=/i + /2, 

where 

j- fc (fe ± ) e ^i-|fc||y2±fl| 7L 
:= 2^ nu and/ 2 := — —\V2 - R\ - — 1 2/2 + R\. 



One computes the L 2 t _ 1 (Z) norm of I\\ 

/• e -2lfc||ia =fc/J 

^Tii^iiU,,.__Eu4^'Tii^iiI-i 



/ < / i?dy < c y, j^^T E / - 

Jz Jz , f-"L 1 + fc 2 2 .-T^, il 



± H^{{y 2 =±R}) ^\k\ 2 ^ H ^ [[y2=±R}) - 

In the above relations, the first inequality holds since a < 0. Then using the Fourier transform 
one writes : 

. ,s fi ^ Fkihi), ifkGZ*, a.e. / G M, 

J" (VGi * (/i±<y {lo=±JI} )) = ^ (fc 2 + I 2 ) 

[o for A; = 0. 

Next, taking the / 2 (Z; L 2 (Z)) norm of the above expression, using again the fact that a < 
and by Parseval, one gets: 



f f A? 2 

/ p(y 2 ) 2a \d yi Ii\ 2 dy < \\d yi G x * (h±5 {y2=±R} ) |£ 2(z) = E / ffc2 + m2 ^l- 7 ^ 



A similar computation gives the derivative with respect to y 2 . It follows that 

^ (Z) - C ?( l|/l±ll H # -( { ^ }) ) ' 



Thanks to Lemma 5.3 one can reduce I 2 to 

I 2 = z fh±R when \y 2 \ > R. 
Thus the claim follows since h and 1 2 both belong to H^ # (Z). □ 
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We are now ready to state the first isomorphism result of the Laplace operator in Z. 



Theorem 5.1. Let a be a real number such that —1/2 < a < 1/2. Then the Laplace operator 
defined by 

A : Hl # (Z)/R^H-^ # (Z)±_R, (28) 

is an isomorphism. 

Proof. Let / G H~^.(Z). Observe that if u G H^^(Z) satisfies An = /, then due to the 
density of P#(Z) in H_ a #(Z), for any ip G H\ a we have 

(u,A<p) = (f,<p). 

Thus, we easily see that, under the assumptions on a, for any p£Kc H— a #(Z), the datum 
/ satisfies the necessarily compatibility condition 

(f,p) = 0- 



Now it is also clear that the Laplace operator defined by (28) is linear and continuous. It is 



also injective since An = and u G H^^(Z) imply that n is a constant (see Proposition 
5.1). It remains to prove that the operator is onto. Let / be in H~\(Z)AM. and R > be a 



real number. Thanks to Lemmas 5.3 and 5.4, one sets 



n := uq + w, 



where no solves (23) and w lifts the jumps of d y2 UQ on {2/2 = ±12} and thus solves (27). 



Results on no and w end the proof. At this stage, the claim is proved for a < 0. By duality 
the results is true also for a > which ends the proof. □ 



It remains to extend the isomorphism result (28) to any a£l and to any m G Z. For this 



sake, we state some regularity results for the Laplace operator in Z. 

Theorem 5.2. Let a be a real number such that —1/2 < a < 1/2 and let t be an integer. 
Then the Laplace operator defined by 



A : HlX{ # (Z)/R^H-^: # (Z)± 



-l+£ 



(29) 



is onto. 



Proof. Owing to Theorem 5.1, the statement of the theorem is true for I = 0. Assume that 
it is true for I = k and let us prove that it is still true for £ = k + 1. The Laplace operator 
defined by (29) is clearly linear and continuous. It is also injective : if u G ^a+fc+i#(^) 
and An = then n is constant. To prove that it is onto, let / be given in H^ +k+l »(.Z)_LR. 
According to Q, / belongs to H~^K(Z)1M. Then the induction assumption implies that 
there exists n G H^_ k #(Z) such that An = /. Next, we have 



A(pdiu) = pdif + diuAp + 2VpV(diu). 



(30) 



Using 0, (|9j) and §W§, all the terms of the right-hand side belong to H'^^Z). This 



implies that A(pdiu) belongs to H a ^ k „(Z). Therefore, A(pdiu) also belongs to H i 



-2+k 
a+k-l,# 



(Z). 
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Moreover, u belonging to H^f.#(Z) implies that pdiU belongs H^_^_ X ^.{Z) and for any 
if G F 2 ~ fc fc+lj# (Z), we have 

(A W^)^ 1>#( z)x^- fc+1>#( z) = ^' A ^^ +fe _ lj# (z)x^_ fc+lj#( z)- 

Since M C H 2 ^Z k+1 #(Z), we can take (p G M which implies that A<p = 0. It follows that 
A(pdiu) belongs to H~^K(Z)AM. Thanks to the induction assumption, there exists v in 

H lX k kd z ^ such that 

Av = A(pdiu). 

Hence, the difference v — pdiU is a constant. Since the constants are in #{Z), we deduce 

that pdiU belongs to H^f, #(Z) which implies that u belongs to H^_ k+1 #(Z). 

Remark 5.1. Let us point out that the above theorem excludes the values a G {— ^, ^} : due 
to logarithmic weights, the space Hy 2 #{Z) is not included in L^ 1 ^ /2 (Z). By duality, this also 
implies that the space L^ 2 (Z) is not included in HZ1/2 #(^) - Therefore, in (30) for a = 1/2, 
the term diuAp does not belong to Fl~j 2 #(Z). Thus, in this section, the extension of (28) to 
any a£i will exclude some critical values of a. We deal with these critical values in Section 

m 

Remark 5.2. As an application of the above theorem for the particular case when £ = 1, we 
derive a weighted version of Calderon-Zygmund inequalities [31]. More precisely, let a be a 
real number such that 1/2 < a < 3/2, then there exists a constant C > 0, such that for any 
ueV # (Z) : 

\\didju\\ L2a{z) < C||Au|| L 2 (z) . (31) 



Using (31) and thanks to the Closed Range Theorem of Banach, we prove that : 



A : H2 # (Z)/V m _ 2 ^ H™- 2 (Z)/F> m _ 4 (32) 



Theorem 5.3. Let a be a real number satisfying 1/2 < a < 3/2. For m G N, m > 3, the 
following operator 

is an isomorphim. 

The next result is then a straightforward consequence of the latter result. 

Theorem 5.4. Let a be a real number satisfying 1/2 < a < 3/2. For m G N, m > 3, the 
following operator 

A : H™ # (Z)/F'^ 2 ^H^(Z) (33) 

is an isomorphim. 

The next theorem extends Theorem 15.11 



Theorem 5.5. Let a be a real number satisfying 1/2 < a < 3/2 and let I > 1 be a given 
integer. Then the Laplace operators defined by 

A : ^ Q+A# (Z)/P; A , m- HZI+^Z)!^'^ (34) 

and 

A : Hl^ # {Z)/¥\ +t ^ fl^ i# (Z)_LP& (35) 

are isomorphism. 
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Proof. Observe first that when £ = 1, the result is proved in Theorem 5.1 Observe next that 
if m > 2 is an integer, the mapping 



A : H™ # (Z)/F'£_ 2 ^ H™^(Z)±F'* m+2 



m-2. 



is onto. Indeed, if m = 2, this isomorphism is exactly defined by (29) with I = 1. If m > 3, 
it is defined by (33). Now through duality and transposition, the mapping 

A : HZ^(Z)/F' A m+2 ^HZ^ # (Z)±F'^_ 2 



is onto. Next, using the same arguments as in the proof of Theorem 5.2, we are able to show 
that for any integer t > 1, the operator 



A : HZ r :^{Z)/F^ m+2 ^HZ^l # {Z)l.Ft 



is an isomorphism. Choosing m = £ + 1, the operator defined by (|34|) is an isomorphism. By 

□ 



duality and transposition, the mapping defined by (35) is onto as well. 



Remark 5.3. Summarizing theorems 5.1 and 5.5, we deduce that, for any a G M. such that 
a ^ ±(\ +k), k G N*, the mapping 

A : Hl # {Z)/F A 2 _ a] ' y H-^(Z)±F'fi /2+a] (36) 

is an isomorphism . As a consequence, for any m G Z, for any a£i such that a + k), 

k G N*, the mapping 



A : K+\Z)/F\i + , /2 _ a] ^ H™ # (Z)±F'£ m _ 1/2+c 



(37) 



is an isomorphism. 



6. Isomorphism results for the critical cases 



Note that the isomorphism result (37) is not valid for a = ±(^ + k), k G N*. In order to 
extend it to these cases, we redefine the weighted spaces. Therefore, proceeding as in [17} . for 
m G Z, p G N, and a G { — \, 5}, we introduce the space 

K+pd z ) ■= ^ u G H ™d z )' VA G N > 1 < a < p, 

y 2 A «Gtf-+ A (Z), u€flSjJ(Z)}, 

where H^^(Z) stands for the space of functions that belong to H^ +P (Z) with compact 

support in the 1/2 direction. The space X^ P ^(Z) is a Banach space when endowed with the 
norm 

l/p 



Ell ^ IIP _L II IIP 



. Q+p , # (Z)- »^-H^+A (z) ^l|-||^ +P(zl) 

\0<A<p '* * 



where Z 1 :=]0, l[x] - 1,1[. 



26 



Remark 6.1. We restricted the definition of the space X^^{Z) to a G { — \,\}, but this 
definition holds for all a in R. For a G R \ |Z, since no logarithmic weights appear in the 
definition of H^^(Z), the spaces X^IAZ) and H^^(Z) coincide algebraically and 
topologically [17) . 

The next proposition is dedicated to density of T>#(Z) in X^^^{Z). In order to prove it, 
we establish two lemmas giving additional properties on the space H™^{Z). The first lemma 
characterizes the dual space HZ™#(Z). 

Lemma 6.1. Let a G R and f G HZ™#{Z). Then for any v G H™^{Z), we have 

(f,v) HZ ^(z)xH^(z)= E 9»d»vdy, 

0<H<m 

where g m G L 2 _ a {Z) and for any < \fi\ < m, 
•9^ L 2 _ Q+m _ M (Z) ifai {i ..., m - \], 
. (ln(l + p 2 )) 1 ^ G L 2 a+m _ |H (Z) i/a G {§,...,m- i}. 

Proof. We shall only prove the statement for a ^ ...,m — |}. The proof corresponding 

to critical values of a is similar. We set E = [j L^ Q+m _, such that for any ip = 

0<\n\<m ' l 

(V7*)o<|/x|<m ^ ^' 

||V>IU = Yl H^IIl 2 . . Azy 

0<|/i|<m 

The operator T defined by T : v G H^^(Z) h-» (<9 M w) <| At |< m G .E is isometric. We now 
set G := T(H™ # (Z)) and 5 := : G ^ H™ # (Z). The mapping L : h € G M> 

(f,Sh) H - m (z)xH m (Z) ls nnear an d continuous. Therefore thanks to the Hahn-Banach 

theorem, there exists L, a linear and continuous extension of L on E such that [| = 
m ( Z y Thanks to the Riesz representation theorem, there exists <? M G L 2 _ a+m _^{Z) 

for any < < m, such that 

Vv€H£ # (Z), (L,v)= Yl [ Q^vdy. 

0<\n\<m Z 

□ 

The second lemma concerns the density of functions with compact support. 

Lemma 6.2. Let m G Z, A G N, a G R, $^ 6e defined by ^ and u G H™+ X (Z). We set 
u e(y) = &e(U2)u(y) a.e. y £ Z. Then we have 

lim lit* — 74*11 rrm+Xf^ = 0. (38) 

f_>oo lllf! «,# ( Z ) 
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Proof. It is clear that for the case m + A > 0, (38) is satisfied. We shall now focus on the 
case m + A < 0. We have 



\ u ~ u l \\H m+x (Z) = SU P 



\(u - ue,v)\ 



where (•, •) is the duality pairing between H™+ X (Z) and HZ™# X (Z). Besides, thanks to 



Lemma 



6.1 



there exist such that g_ m _,\ E L 2 (Z) and for any < \p,\ < —m — A, 
• 9» G L 2 a _ m _ x _ M (Z) if -a i {1/2, -m - A - 1/2} 

. (ln(l + p 2 )) 1 / 2 ^ E L 2 _ m _ A _ |At| (Z) if -a E {1/2, -m — A — 1/2} 

satisfying for any u E HZ™# X (Z), 

(u, v)= ^ I d^v dy . 

0<M<-m-A 

Therefore, we can write 



(u- Ui ,v)= Yl J z g^v-d^iv))dy. 



0<[/x|<-m-A 

It follows that 



|(i*-«*u>|< ^ f \ gfl (l-$ e )d»v\dy+C Yl E f 9vd k $ t &*- k vdy. 

0<|/Lt|<-m-A Z 0<|/*|<-m-A 0<|fc|<|/Lt| Z 

We deduce that 



|(u-u*t;)|< || 5m (1-^)|| L 2 {z) 

iO<(/i|<-m-A 



+^ E E ii^9 fc ^ii^_ m _ A _ lM|( z) Nk-sw 

0<[jt|<-m-A 0<jjfe[< [/xj 



The first two terms in the right hand side tend to zero as i tends to infinity. This proves ( 38 ) 



for m + A < 0. □ 
We proceed with three results showing some properties of the spaces X™^(Z). 
ition 6.1. Let m E Z, p E N and a E {- 1 i 

Proof. Let u be in X™^^(Z). Then according to Lemma |6.2 u can be approximated by 
U£ E X™2^p#(Z) with compact support in the yi direction. Therefore ue belongs to H 1 ^'^'{Z), 



Proposition 6.1. Let m E Z, p E N and a E { — 5, |} ? i/ien i/ie space T>#(Z) is dense in 



and thanks to Proposition 2.2, -u^ can be approximated by ifii E T>#{Z). This ends the 



proof. □ 
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For m G Z, p G N and a G { — |, |}, we also define the space X™ a p p ^(Z) that is the dual 
space of X~^ p: ^(Z). It is therefore a subspace of V'^{Z). 



Proposition 6.2. Let m,p G Z and a G {—5,5}- X^T^^Z) is densely embedded 



in 



Proof. If p G N, due to the definition of the space A A ( J^ p f + L 1 ^(Z), the imbedding is straight- 
forward. Moreover the density of T>#(Z) in X™^ P ^(Z) implies the density of X™^ P ^^{Z) 
in X™ P AZ). Hence, if p < 0, the dense imbedding holds : 



xz™:l # {z) c x-_::^l # ( Z ). 

By duality, the desired result follows. □ 



Proposition 6.3. Let m,p G Z and a G { — f , f }■ u belongs to X a+ p ^(Z) , then d 
belongs to X^~ p 1 ^ p (Z), for any j = 1,2. 

Proof, (i) Assume that p > 0. If u G X^ P # (Z), then « G H™ # (Z) and fyu G H^{Z). 
Besides, for any A G N, such that 1 < A < p, we have y^dju) = djiy^u) — dj(y2)u. Since 
y\u G H™+ X (Z), it follows that 5J,-(i^tt) G H™# 1+X (Z). Thus it is clear that y$(diu) belongs 
to H™^~ +X (Z). Furthermore, we have &2{y2)u = Ay^ 1- u and since < A — 1 < p — 1, 
V2~ X u belongs to F™J A_1 (Z). We deduce that for any A G N, such that 1 < A < p, y^idju) 
belongs H™^ 1+X (Z). Finally it is straightforward that if u is in H r ^ rP {Z x \ then djU is in 
H^ +p -\Z { ). 

(ii) Let now p < 0. If u G X™ +p _y_(Z), then for any tp G T>#(Z), we can write 

(9,-U,y))x>^(Z)x2? # (Z) = -( u >dj¥)v' # (z)xv # (z)- 

Thanks to (i), for any </? G XZ™_^p# p {Z), o^y? belongs to X_™~ P ^(Z) which ends the proof. □ 

Proposition 6.4. Let m,p G Z and a G { — 2,3}- If u belongs to X™^ P ^(Z), then y^u 
belongs to X^ p \ # (Z) = X^T* ( Z ) " 

Proof (i) Assume that p > 1. If u belongs to X™ +p _y_(Z), then u belongs to H'^ l ^(Z) and 
belongs to H™t (Z). Next, for any A G N, such that 1 < A < p — 1, we have y^iviu) = 
y x+1 u G H™+ X+1 (Z). Finally if u belongs to H^ +P (Z 1 ), then y 2 u also belongs to H™+ P (Z X ). 

We thus deduce that yiu G X™^ p _ x #(Z). 

(ii) Assume now p < 0. For any 99 G T>#(Z), we can write 

(y2U,(p) T >' # (Z)xV ifl (Z) = (u,y2f)v' # (Z)xV # (Z)- 

Thanks to (i), for any ip G X~™J p p +lj# (Z) = XI^J^+^Z), 3/2^ belongs to XZ™~ P # {Z) 
which ends the proof. □ 



The above properties allow to extend Theorem 5.2 
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Theorem 6.1. Let a G {—3, |} and t G N. T/ien i/ie operator defined by 



A : X 



1+* 



(Z)/l 



(Z)±I 



(39) 



is an isomorphism. 







Proof. Observe first that since X* #(Z) = #(Z) and X~AZ) = H~\(Z), the case - 
is proved in Theorem 5.1 Now we proceed by induction, as in the proof of Theorem 5.2 
Assume that the statement is true for I = k and let us prove that it is then true for £ = k + l. 
The Laplace operator defined by ( |39[ ) is clearly linear and continuous. It is also injective : if u 
belongs to -X^+^+i m.{Z) C #(Z) and is harmonic then it is a constant. Let us prove that 
it is onto. Let / G X k +k+1 ^{Z)±.R. Then / G X~^„(Z)AM and the induction assumption 
implies that there exists u G -X^+jji #(^) sucn that Am = /. We now consider the equality 



Using Proposition 

-2+k 



6.3 



and Proposition 



X a+ l_i #(Z)- Moreover, thanks to Propositions 



HV2diu) = y 2 dif + 2d 2 d iU . (40) 

we deduce that A{y 2 diu) belongs to X~]^ k ^{Z) C 
if u G Xl+ k K# (Z) then y 2 d iU G 



6.4 



X a+k-l,#( Z ) and for an y V G X - a -k+l,#( Z )> we have 



6.3 



and 



6.4 



{A(y 2 diu) , <f) 



x 



a + fc-l,# 



(z)xx; 



a-fc+l,# 



(y 2 diU, A(p) xk 



a + fc — l,# v y —a- 



(z)- 



Since R C X 2 ~ fe fc+lj# (Z), we shall take ip £ R. This shows that A(y 2 diu) G A^+^(Z)_LI 
Thanks to the induction assumption, there exists v G X^^AZ) satisfying Av = A(y 2 di 
Hence v - y 2 diU G R and since R C X^ # (Z), it follows that y 2 diU G Therefore 
summarizing, we obtained that u G #(Z), for any 1 < A < k+1 y 2 u G H^^(Z). It remains 
to prove that u G H^\{Z). Let x £ 25 (R) and consider the function y 1— )■ x(V2)u(y) for 
almost every y £ Z. Then A(xu) = x/ + 2VxVu + uAx belongs to H k oc ^(Z). It follows 
from standard inner elliptic regularity results that x M belongs to H^ k ^(Z) which in turn 



yields u G H™>#(Z) 



□ 



Remark 6.2. The above theorem extends the Calderon-Zygmund inequality (31) to a G 

12' 2J- 



Proceeding as in the non-critical cases, we can extend Theorems 5.3, 5.4 and 5.5 More 
precisely, we have : 

Theorem 6.2. Let a be a real number satisfying 1/2 < a < 3/2. For m G N, m > 3, the 
mapping 



A 



Tjm 



(z)/K 



m-2 



H 



m-2 



(z)/K 



m— 4 



(41) 



is an isomorphism. 



Theorem 6.3. Let a be a real number satisfying 1/2 < a < 3/2. For m G N, m > 3, the 
mapping 



Tjm 



(Z)/P. 



'A 
m-2 



i-> H 



m-2 
<*,# 



(Z) 



(42) 



is an isomorphism. 
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Theorem 6.4. Let a £ j^, |} and let £ > 1 6e an integer. Then the Laplace operators defined 
by 

and 



'A 



A : Xl_^ # (Z)/W\ +l ^ X-\ # {Z)A_¥{ 



'A 



(43) 
(44) 



are isomorphisms. 



Remark 6.3. At this step we are able to state Thereom 1.1 that we recall here. Let m £ Z 
and a£K, then the Laplace operator defined by 



A : X™+ 2 (Z)/P;f m+2>a) ' ^ X™ # (Z)±_F' q f_ m! _ a) 



(45) 



is an isomorphism. 



In order to prove our main result stated in Theorem \1.2\ let us first note that we might 
compare the spaces X^^(Z) and H^J'^Z) for a 6 {—\, \}- 



Proposition 6.5. Let m,p be two integers and let a £ { — g}- 



moreover a=\, then 



X? +p (Z) = H? +p (Z). 



(46) 



(47) 



The proof is based on a partition of unity in the y2 direction and direct computations. Note 
that (47) is not valid for a = — \ and p > 1 since the space H^^Z^^Z) is not included in 



l/2,# 



(Z) (see m). 



Sketch of the proof of Theorem We shall decompose it into three successive steps: 

1. If a > -1/2 and / £ L 2 a+1 (Z)±F'£ /2+a] , then G * f <E X 2 a+l ^{Z) is a solution of the 
Laplace equation (21) unique up to a polynomial of a+l) ■ Moreover, we have the 



estimate 



G *f\\x 2 (z)/f' a - c \\f\\L 3 , Azy 



This result is a straightforward consequence of the isomorphism result (45) for m = 0, 



Theorem 4.3 and Proposition 5.1 



2. If a £ R and / £ iT~^(Z)_LP^ )5 then G * f £ H^ # (Z) is a solution of the Laplace 
equation (21 ) unique up to a polynomial of Q y Moreover, we have the estimate 

HG»/ba # (Z)< CH/II 

This second claim is obtained using the first step and duality arguments. Then the 
isomorphism result (45 ) for m = — 1 and Proposition 5.1 allows to identify the variational 
solution with the solution by convolution. 
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3. In the third step we first assume m > 0, a € K and let / € X™_y_(Z)AJ?$_ m x. Then 
it is clear that / e ^ m _ 1# (Z)±P;f l5 _ a+m+1) . Note that by definition ^ { _^_ a) 
and P 7. , ,.1 coincide. On the one hand, from the second step G * f belongs to 

y^J_, (y.~\-Tfl-\- L J 

Ha-m-l #(^)/^gfi a-m-1)' ^ n * ner hand, from (45), there exists a unique it in 



X-+ 2 (Z)/P;f m+2 a) , a subset of ^Urn-i^/P^a)- Then using Proposition 
we have u - G * / € ^' q f m + 2ia y 

Finally using again a duality argument we prove the statement for m < and a £ 



5.1 



□ 



7. Conclusion 

This paper is a first attempt towards a systematic analysis of boundary layer problems in 
periodic strips. This framework provides generic spaces avoiding tedious a priori definitions 
of solutions' behavior at infinity, among other advantages. 

Nevertheless, in the homogenization theory, solutions of boundary layer problems often 
converge exponentially to zero up to some polynomial at infinity (when yi — > 00) |18j . Al- 
though in the framework above this corresponds to a solution belonging modulo this poly- 
nomial to any weighted polynomial space, one would like to quantify the exponential rate of 
convergence |18] . for instance. In a forecoming work, our goal should be to provide an ade- 
quate framework of these results in the weighted context, and to consider exterior periodic 
domains [3] for the Laplace and the Stokes operators. 
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